Abstract: An analogous model system for high-dimensional quantum entanglement is proposed, based on the angular and radial degrees of freedom of the improved Laguerre Gaussian mode. Experimentally, we observed strong violations of the Bell-CGLMP inequality for maximally nonseparable states of dimension 2 through 10. The results for violations in classical non-separable state are in very good agreement with quantum instance, which illustrates that our scheme can be a useful platform to simulate high-dimensional non-local entanglement. Additionally, we found that the Bell measurements provide sufficient criteria for identifying mode separability in a high-dimensional space. Similar to the two-dimensional spin-orbit non-separable state, the proposed high-dimensional angular-radial non-separable state may provide promising applications for classical and quantum information processing.
Introduction
Non-local entanglement, a remarkable non-classical correction for spatially separated systems, is not only discussed in the context of fundamental physics, i.e., Einstein, Podolsky and Rosen (EPR) paradox [1] and Bell's inequality [2] [3] [4] , but also widely applied to the fields of metrology [5] , quantum computation [6] and communications [7] [8] [9] . Moreover, there exists a type of entanglement-like state, sometimes named as local entanglement between different degrees of freedom (DoFs) in a single system [10, 11] . In the literature, this phenomenon is variously called 'intra-system entanglement', 'nonquantum entanglement', 'hybrid entanglement' or 'nonseparable state' [11] [12] [13] . It may also appear in classical systems, i.e., a classical nonseparable optical mode [14] [15] [16] ; and in single particle [17] [18] [19] [20] . 'Nonlocality' is the feature distinguishing non-local entanglement from local entanglements. Recently, some significant advances suggest that the 'Nonlocality' is not a necessary condition for implementing many quantum computing tasks [21] , for example, quantum walk [22, 23] and several parallel-search algorithms [24, 25] , where local non-separable state can increase computation resources while keeping the physical number of particles constant. Also, because of the equivalent mathematical form between them, the non-separable state supports an effective platform to simulate the behaviors of quantum non-local entanglements [14, 16, 26] , i.e., researches of the Bell measurement [21, 27] and quantum contextuality [20, 28] . Classical analogy can help one to understand and visualize the behaviors of a 'true' quantum state in quantum world [29] .
One well-known non-separable concept is the spin-orbit state [13, 15, 21, 27, 30, 31] . It has been widely studied in applications in optical metrology, sensing [11, 32] , communication protocols [30, 33] , and key devices for quantum computation, for example, CNOT gates [25, 34] . Experimentally, a convenient way to realize non-separable modes is to employ spin angular momentum (SAM) and orbital angular momentum (OAM) DoFs of light, i.e., |H |L + |V |−L . However, the SAM has only two orthogonal eigenstates, and therefore the spin-orbital nonseparable state has poor dimensional scalability. In contrast, the Laguerre-Gaussian modes (LG P L → |L |P ) span an infinite dimensional space in both angular L and radial mode P indices, and therefore the potential to construct high-dimensional (HD) non-separable state with angular-radial number [35, 36] .
Over the past few decades, the angular mode has drawn much attention [37] [38] [39] [40] whereas the radial mode is not very attractive because of difficulties in sorting and detection. There has been some progress in radial mode through in both classical and quantum fields [35, [41] [42] [43] [44] [45] [46] , specifically, exploring full-field quantum corrections [35, 47] . Very recently, several significant advances have been made in sorting radial modes using the accumulated Gouy phases [48, 49] , and measuring full fields in a technique that exploits intensity-flattening [50] . These latest technological advances indicate that it is possible to build a HD non-separable angular-radial state |L 1 |P 1 + |L 2 |P 2 + ... to go beyond the existing spin-orbital non-separable state in dimension.
In this article, we construct a HD angular-radial non-separable state (HD-ARNS) to simulate the HD quantum entanglement using the classical revised LG modes, where the HD-ARNS has the form of a maximally entangled state (MHD-ARNS):
Experimentally, we observe the violation of the Bell-CGLMP-like inequality from d=2 to 10. The results for the violation of MHD-ARNS are in very good agreement with quantum situations described in [38] , and therefore illustrates that our scheme forms a useful platform to simulate classically various HD entanglement of two particles [38, 39, 51, 52] .
For non-local entanglement, violations of the Bell inequality demonstrate that the corresponding quantum state cannot be explained by local hidden-variable theory (LHV). For local non-separable states, the violation of Bell-like inequality is an effective quantitative tool in studying classical optical coherence and mode (non-) separability [15, 21, 27] . However, there has been very little experimental research because of difficult manipulation. Very recently, attempts have been made to simulate the HD entanglement by measuring the difference of light intensity at two output ports of a Mach-Zehnder (MZ) interferometer [53] . However, increasing the dimensions has been difficult because of the complicated experimental setup and the low value of the Bell-like inequality [53] . In our works, to verify mode non-separability of the generated angular-radial modes, we demonstrated a dynamic process from separation to nonseparation for a three-dimensional angular-radial non-separable mode, for which the distributions of the Bell-CGLMP-like inequality and interference visibility were analyzed in detail.
Principle
The electric field of the LG beam LG P=1 L=1 with both angular L and radial P modes is given as E L, P (r, φ, z). Because we want to simulate the biphoton MHD-MES:
we'd like to use the Dirac notation to describe a classical LG mode for simplicity: E L=j, P=j (r, φ, z)->| j L | j P . When both are zero, the beam degenerates to a conventional Gaussian beam. Fig. 1(a) shows the spatial vector and intensity distribution of the state |1 L |1 P from a three-dimensional perspective. The angular number L gives rise to a helical wave front, which affords a representation of light as carrying a well-defined orbital angular momentum; the radial number P indicates there are P + 1 concentric rings on the wavefront and intensity pattern, suggesting a charge with hyperbolic momentum charge [54] . The manipulation of the P mode is experimentally more difficult than the L mode, where the overlap between different radial modes is strongly dependent on the beam waist of the basis, the propagation distance, and collection systems [35, 41, 54] . The development of amplitude-phase encoding technology [55] and demagnification-regime [35, 41, 50] overcomes these difficulties, although at present the reflection efficiency is low [41, 56] . Different from the previous regimes, we employ a revised LG mode for manipulating non-separable state with both DoFs, where the beams for all the basic states have equal size, but different waists w 0 (L, P) = w 0 (0, 0) / |L| + 2P + 1, and orthogonality is retained for both DoFs when we consider the Gaussian mode inner production of the single mode fiber [57, 58] (also see in appendix). The regimes of revised LG mode have many unique advances. On the one hand, the equally 4 f system before single mode fiber [F3 and F4 in Fig. 1(b) ] ensures the high efficiency in collection, which is beneficial to be expanded in single photon level. On the other hand, one can avoid higher radial modes exceeding the periphery of the SLMs (details in appendix), which ensures the generation can carry more transverse modes. Recently, the revised LG mode has shown many outstanding abilities in multi-mode superposition and quantum-key-distribution for diminishing atmospheric turbulence [59, 60] .
Using an amplitude-phase encoding hologram, we successfully generate and detect the full field with both DoFs [ Fig. 1(b) ]. A spatial light modulator, labeled SLM-G, is used to generate the angular-radial non-separable state |L |P . The beam is exactly imaged onto the surface of another SLM-M for measurement by a 4 f system. The beam is coupled to a single mode fiber by another 4 f lens. The coupling efficiency for Gaussian mode is equal to 75%.
Results

Spatial modal decomposition
The results obtained by manipulating the HD-ARNS are shown in Fig. 1 . Fig. 1 (c) depicts the modal decomposition density for a six-dimensional ARNS |ψ d=6 =
i.e., m| L j | P , represents a conjugate state of angular mode L and radial mode P. Experimentally, we load the phase of the projected basis onto the SLM-M (see Fig. 1 (b)) to realize the projection measurements: [40, 61] , where we employ the amplitude-encoded technology to generate and measure the corresponding states [55, 60] . For characterizing the crosstalk, one defines the power-visibility V = i I ii / i j I i j , where I i j represents the obtained average power | ϕ|ψ | 2 . The power-visibility is 87.26%±0.03 for a six-dimensional ARNS, where the error comes from the jitter in power; it is a standard deviation, estimated from simulations that each data is assumed to follow the Poisson's distribution. The power-visibility will decrease for higher-dimensional state, i.e., 77.6% for a ten-dimensional ARNS. We measured the normalized modal decomposition density for single states with one DoF [ Fig. 1(d) and 1(e) ]. The power visibilities calculated from two matrices are 92.78% and 82.9% for the angular and radial modes, respectively, where the visibility of the radial mode is quite low owing to imperfect overlaps. Nevertheless, the large diagonal elements and small cross-talk indicate that the states generated are strongly orthogonal and of high quality.
The generation of MHD-ARNS in d dimensions is written |ψ
has the same mathematical form as the two particles [4, 38] . We find that the HD Bell-CGLMP inequality also holds for the MHD-ARNS, i.e., S d > 2, where
Bell-CGLMP expression. In our system, the observations of
b are angular and radial DoFs, respectively, and two labels of a and b
have discrete values 0 and 1. Therefore, the measurement bases for the two corresponding DoFs may be defined as:
The expression for the intensity for two DoFs in a joint measurement is equal to the joint probabilities, obtained in the original paper [4] I θ a L , θ
Bell-CGLMP-like inequality for high-dimensional non-separable state
The key results for this paper are the HD Bell-CGLMP-like interference curves and inequalities [ Fig. 2 ]. For a two dimensional state |0 L |0 P + |1 L |1 P , the measured intensity is similar to the coincidences of two-dimensional biphoton entanglement state [62, 63] . Two experimental interference datasets plotted in Fig. 2(a) were obtained by changing the value of the radial phase θ P while fixing the value of the angular phase θ L to 0 and π. The interference data for the ten-dimensional ARNS [ Fig. 2(b) ] was obtained by setting the radial phase to a constant value.The theoretical fits to data are plotted as solid lines. The error bars represent ±1 standard deviation, which were estimated from statistical simulations that the data were assumed to follow a Poisson's distribution [64] . In our system, we found that the jitter distribution of input laser power is similar to a Poisson distribution. Therefore, the assumption of all the data follows the Poisson distribution is reasonable in simulations.
As the optical system is imperfect, some basic phase appears between low-order and high-order modes [51] ; the interference curve appears to have shifted to the left [ Fig. 2(b) ], especially for the higher-dimensional states. The shift gives rise to a dislocation between sample and background (see Fig. 4 (a) in [51] ). To overcome the dislocation, one needs to increase the basic phase slightly for both radial and angular parts in Eq. (1). Fig. 2(c) shows the values of the Bell-CGLMP expression S d versus the dimension d measured by two-photon HD entanglement (blue bars) with the entanglement concentration given in [38] , MHD-ARNS (red bars) in our setups. The blue graduated area S d ≤ 2 shows that this state satisfies the LHV theory, and the green line marks the upper bound for violations of the maximally HD entanglement states. In our systems, the dimension in which the Bell inequality is violated for MHD-ARNS goes up to 10; the value obtained, S d=10 =2.650 ± 0.035 is violated 18.6 standard deviations as the classical bound, i.e., S d=10 = 2. An interesting feature is that the maximum limit for maximally HD entangled states is greater than 2 √ 2 for two dimensions. In our system, we find violations of S d=4 =2.883 ± 0.017 and S d=5 =2.912 ± 0.018 in four and five dimensions, where the standard deviations violation are 3.2 and 4.6 to beyond √ 2, respectively. Because of the crosstalk between both L and P modes, the violations are weaker as dimension increases. Both local and non-local entangled states can mathematically go beyond a kind of limit, i.e., S d =2, although there are different fundamental physical meanings. The results for violations of MHD-ARNS are in very good agreement with quantum instance [38] , which illustrates that our scheme may be a useful platform to simulate classically HD non-local entanglement. [38] and for local HD non-separable states (red) measured in our system. 
The criterion for mode (non)separability
For the HD non-local quantum entanglement, violation of the Bell-CGLMP inequality provides an effective criterion indicating the existence of non-locality, as well as a valid criterion for (non-)separability of the HD local entanglement. Also, one can evaluate the separability by the visibility measured from Bell-CGLMP-type interference data. [15] . In two dimensional system, the area for values of Bell-like expression beyond one special boundary, i.e., S 2 ≥ 2, is equal to the visibility, i.e., V ≥ 71% [15] . The visibility shows unique advantage as a useful criterion for mode (non-)separability because the number of measurements is less than in Bell-CGLMP inequality. Experimentally, many relative works have been demonstrated in two-dimensional classical entanglement systems [15, 21, 27] .
It is natural to ask a question: are the boundary of visibility and Bell-CGLMP inequality the same for HD non-separable state? Here, we expand the results to classical HD non-separable mode. Consider a three-dimensional ARNS,
where ε 0 and ε 1 are two real coefficients for the states |0 L |0 P and |1 L |1 P , a constraint ε 0 + ε 1 ≤ 1 should be acquired. The theoretical simulation of S versus two coefficients are plotted [ Fig. 3(a) , right top], where the red dots mark the limit |S| = 2. Furthermore, one can evaluate the visibility V (ε 0 , ε 1 ) = I M ax − I Min /I M ax + I Min from the joint correction intensity power
Similarly, theoretical simulations of visibility versus two parameters were plotted [ Fig. 3(a) , left bottom]. Experimentally, one can change their value in the acquired phase hologram. When ε 0 or ε 1 is equal to zero, the dimension of the MHD-ARNS diminishes from three to two. Fig. 3 (b) and 3(c) present the corresponding dynamic processes, where the visibility (state) runs from minimum (separable) to maximum (non-separable) and to minimum (separable) as the other parameter increases. This behavior is similar to the previous demonstration in spin-orbital system [15] . For the nonzero situation, i.e., ε 1 =1/3, the state is non-separable regardless of the value of ε 0 , where high visibility is maintained [ Fig. 3(d)] . Interestingly, the distributions of visibility are different from the value given by the Bell-CGLMP-like expression. For example, in a three-dimensional ARNS, the area for values of Bell-CGLMP-like expression beyond the one special boundary, i.e., S d ≥ 2 is smaller than the visibility-value, i.e., V ≥ 71% [see red boundary in Fig. 3(a) ], which indicates that the criterion for (non-)separability using the inequality values is more rigorous than for visibility. Due to the same mathematical forms between classical or quantum HD entanglement, we believe the demonstrated relation is also suitable to the non-local entanglements.
Discussion
Using classical LG waves with both angular and radius DOFs, we construct a HD non-separable modes to simulate the quantum high-dimensional entanglements. Experimentally, we observe the violation of a Bell-CGLMP-like inequality for HD non-separable modes with both angular and radial DoFs. On the one hand, the violations demonstrated in a classical system were compared with the non-local two-photon HD entangled state, and demonstrated that our regime provides an effective platform to simulate non-local HD entanglements classically. On the other hand, it is an effective criterion for mode (non-) separability using HD Bell's measurement. Some significant potential applications of the generations are to be developed in future.
• i) The concepts are easily expandable to single photon level by changing the inputs, for example, the construction of d-level four-particle cluster states by two photons; recently, these cluster states were prepared using two photons in both the time and frequency domains [65] .
• ii) For the CGLMP inequality, the maximal violation is not the situation of the maximally entangled state [66] ; one can test it by changing the input state. Also,the HD maximally non-separable state supports an effective method to test or mimic noncontextuality hiddenvariable models in higher dimensional space, i.e., the Kochen-Specker theorem in HD system [28, 67] , and to study violations of other types of Bell-inequalities, such as the Son-Lee-Kim inequality [68, 69] .
• iii) One can generate the group of HD angular-radial Bell states in single particle with high fidelity, where the non-diagonal state and phase between the entangled modes are easily manipulated compared with the non-local Bell state in two photons [51] . The corresponding Bell states could be used to high dimensional quantum computation [70, 71] .
• iv) Recently, some effective proposals to quantify entanglement dimensionality for biphoton entanglement have been proposed, namely, the TILT basis [72, 73] . We believe it can be tested in our proposed maximally angular-radial non-separable mode.
From the viewpoint of a computing resource, this type of DoF entanglement
| j L | j P in a single system (particle) is equal to the various already prepared HD quantum entanglement of two particles. Compared with the entanglement between multiple photon in non-local systems, the entanglement between DoFs in local systems is well controlled, has a higher detection rate, and is strongly robust to noise, which enables several special computation protocols to be implemented with high efficient.
The fundamental characteristics of the high-dimensional non-separable angular-radial state
The normalized OAM eigenstate associated with the Laguerre Gaussian (LG) mode can be represented as C ylin(r, φ, z) |L , P → LG L P (r, φ, z) in the cylindrical representation. The electric field is given by [37, 40] .
Where 1/e radius of the Gaussian term is given by w(z) = w(0) 1 + (z/z r ) 2 with w(0)
being the beam waist; L |L | P (x) is the associated generalized Laguerre Gaussian polynomial; (2P + |L| + 1) a tan (z/z r ) gives the Gouy phase.
The LG modes have infinite dimensions in both angular L and radial P number, and meet the corresponding orthogonality:
Where the orthogonality of angular mode L is from the angular integral:
And the orthogonality of radial mode P comes from the orthogonality between generalized Laguerre Polynomial:
These two variables are independent in mode orthogonality, which illustrates that one can manipulate them independently.
For detecting LG modes, we employ a 4-f system. In this scheme, we need to consider the overlap integral between LG mode and single mode fiber (SMF). In that case, the orthogonality of radius mode will not meet because of the normalized Gaussian mode of the SMF (GM-SMF) [50, 58] :
The u represents the transverse coordinates on the end of the SMF; w is the size of mode on the end of the SMF. For reducing the effects from the Gaussian inner product, an alternative approach is used to expand the size of the Gaussian mode on the SLM by increasing the (de) magnification between the SLM and the SMF. In other words, one can reduce the distributions of modes on the end of SMF by designing a telescope system [50] . However, the drawback appears with the low coupling efficiency, which can be suppressed by the order of magnification. Besides, one can manipulate the beam waist while keeping the equally beam size for different high order modes, which is mathematically equal to the demagnification mentioned above by a group of the telescope lens. The latter method has a considerable advantage that the beam size of hologram with amplitude and phase is not beyond SLMs. As the LG mode becomes larger, the divergence angle ∼ |L| + 2P + 1 increases drastically. For example, for the LG mode LG L=10 P=10 , the beam size will be expanded to 5.56 times than Gaussian beam. While in our regime, the beam sizes for all the modes are equal. What the method used here is to change the beam waist w 0 (L, P)=w 0 (0, 0)/ |L| + 2P + 1 for different LG mode. In that case, the orthogonality for angular mode still hold. However, it does not meet for the radial modes [57] . Nevertheless, the orthogonality for both angular and radial modes will hold by considering the Gaussian integral of SMF in Eq. (8) , where the overlap is given by the following equation [58] :
Where W is the size of the mode when the beam is imaged (magnified) backward onto the SLM, it is associated with the mode size u in Eq. (8).
Simulation of mode orthogonality for angular-radius mode
By considering the Gaussian integral function of SMF, we simulate the orthogonality of standard and revised LG modes between the generation and detection. gets worse due to the existing of GM-SMF, and it will obtain considerable improvement when choosing the revised LG modes. In our simulation, the size of mode W equals to 750 um when it is imaged backward onto SLM, and the input Gaussian beam waist is equal to 1000 um. Fig. 5 represents the distributions of intensity and phase of LG modes. Fig. 5(a) shows the fundamental Gaussian beam, where both the angular and radial number is zero. Fig. 5(b) is the intensity-distribution of LG modes (|6 L |6 P ) with the manipulation of beam waist in the above descriptions, and the Fig. 5(c) is the situation of the standard LG modes, where the beam size increases dramatically as the radial and angular number. In this way [ Fig. 5(c) ], the amplitude-distributions of the state will exceed the size of screen in SLM for higher-order modes, which definitely gives rise to distortion for generation and detection. Our encoding regime that uses the revised LG mode can overcome the shortcoming [ Fig. 5(b) ]. j=0 | j L | j P , where the phase is encoded by amplitude-phase and optical blazing technology [51, 55] . The regime can be expanded easily to the single photon level by changing the input source. Nevertheless, this type of encoding also exists the disadvantage, for example, the crosstalk will appear as the increase of radial mode, which is owing to the dislocation in many concentric rings between generation. In other words, the higher radial mode gets, the lower spatial resolution appears. An alternative method in experiment is to enlarge the size of the input beam.
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